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Webster’s horn equation (1919) offers a one-dimensional approximation for low-frequency sound
waves along a rigid tube with a variable cross-sectional area S(x). It can be thought as a wave
equation with a source term that takes into account the nonlinear geometry of the tube. In this
document we derive this equation using a simplified fluid model of an ideal gas. By a simple
change of variables, we convert it to a Schro¨dinger equation and use the well-known variational
and perturbative methods to seek perturbative solutions. As an example, we apply these methods
to the ”Gabriel’s Horn” geometry, deriving the first order corrections to the linear frequency. An
algorithm to the harmonic modes in any order for a general horn geometry is derived.
I. INTRODUCTION
We study the propagation of a wave in a narrow but
long, tubular domain of finite length whose cross-sections
are circular and of varying area. In this case, the wave
equation has a classical approximation depending on a
single spatial variable in the long direction of the do-
main. This approximation is known as Webster’s equa-
tion (2). The geometry of the tube is represented by the
area function S(x) whose values are cross-sectional areas
of the domain. We derive this result in section II.
As the name suggests, this equation was derived by
Webster in 1919 [2] but, citing Edward Eisner (referring
to P. A. Martin article in [4]) - ”we see that there is little
justification for this name. Daniel Bernoulli, Euler, and
Lagrange all derived the equation and did most inter-
esting work on its solution, more than 150 years before
Webster.”
In section III, the link between the Schro¨dinger’s equa-
tion and eq. (2) is shown, offering an effective Hamilto-
nian and a potential energy that can be thought as a
perturbation to the ”free” hamiltonian.
The key feature of this document is the analysis in
section V, where we obtain the first order harmonic cor-
rections using perturbation theory on a well known ge-
ometry - Gabriel’s horn (discussed in section IV).
In section VI, an algorithm to obtain this frequency
corrections in any order and geometry is provided. With
this analysis, we can infer how much the instrument (in
the wind or brass family) will be out of tune only by its
geometry.
II. PHYSICAL MODEL
A. Extended Derivation
From fluid mechanics, the material derivative DmDt is
given by Reynolds’ transport theorem. It can be stated
as
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Figure 1. Fluid model for a varying cross section. Image
taken from Fundamentals of Physical Acoustics by David T.
Blackstock
Dm
Dt
= ∂t
∫
V
ρdV +
∫
S
(~v.~n)ρdS = 0, (1)
where m is the mass of the gas inside the tube (which is
constant), ρ is its mass density, V and S are the volume
and surfaces of integration along the tube and ~v is the
velocity of the gas in across the surface of integration.
Choosing these domains of integration and reference
axes, we refer to fig. 1.
For a consistent and rigorous derivation, we assume
the following conditions:
• The mass density is constant throughout the cross-
section area but is time dependent ρ = ρ(t) (later
we will simplify this assumption).
• The tube shape is fixed i.e. independent of time but
not constant in x, which by eq. (1) implies (∂tρ)S =
−ρ(∂xvS).
• The ideal gas law P = kBTn holds, where P is the
pressure, T the temperature (assumed constant),
kB the Boltzmann constant and n =
ρ
m , being m
the mass of each particle (assumed equal).
• By Newton’s second law - ρ∂v∂t = −∂P∂x .
• The fluid is irrotational, meaning∇×~v = 0. Hence,
differential calculus tells us that we can always find
a velocity potential φ, such that (in one dimension)
v = −∂φ∂x .
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2This offers a closed system of equations. Solving all
equations for P , we discard at the end the time derivative
of ρ. This is justified assuming that for long tubes, the
local pressure variation is much larger than the local den-
sity fluctuation, obtaining Webster’s equation (eq. (2)).
1
S
∂
∂x
(
S
∂P
∂x
)
=
1
c2
∂2P
∂t2
, (2)
where c2 = kBTm . Physically, the measurable quantity in
the laboratory is P , justifying the form of eq. (2).
B. Alternative Derivation
Using the concept of bulk modulus, we can easily de-
rive (but lacking physical intuiton) equation (2). The dif-
ferential volume for the gas section is dV = dx ∂∂x (Sζ),
where ζ = ζ(x, t) is the displacement of surfaces with
equal pressure. By the ideal gas law, we can use the def-
inition of bulk modulus B (assumed constant) to obtain
P (x) = −B
S
∂x (Sζ) . (3)
From Newton’s second law we compute the gas volume
acceleration due to pressure variation along x
Sρdx
∂2ζ
∂t2
= −∂P
∂z
Sdx. (4)
Substituting into the previous equation we have Web-
ster‘s equation with c2 = Bρ . This is also the procedure
used in [6].
III. RELATION WITH SCHRO¨DINGER
EQUATION
Starting with Webster’s equation (2) previously de-
rived, we apply the following change of variables (as in
[6])
• ψ = P√S,
• r = √S,
• The time dependence on P is given by eiwt,
• k = wc ,
which in turn implies
− d
2ψ
dx2
+
r′′
r
ψ = k2ψ. (5)
This is equivalent to the Schro¨dinger equation for one
dimensional scattering, where the particle’s energy is now
k2 and the potential energy function ise replaced by r
′′
r .
In literature, this equation is often called the horn func-
tion. The ”potential energy” can be thought as a normal-
ized curvature and r is (apart from a numerical factor)
the radius of the horn.
Figure 2. Gabriel‘s Horn with a = 1 (computed with the
Wolfram Alpha platform).
We can even infer a Hamiltonian operator from (5)
Hˆ = Tˆ + Vˆ = − d
2
dx2
+
r′′(x)
r(x)
, (6)
since ψ has no time dependence. In our case, the tube is
long (compared with its radius), so we can treat the po-
tential r
′′(x)
r(x) as a perturbation of the ”free” hamiltonean.
IV. GABRIEL’S HORN
Gabriel’s horn, also called Torricelli’s trumpet, is the
surface of revolution of y = 1x about the x-axis for x ≥ 1.
It is therefore given by the following parametric equations
([1])
x = u, y =
a cos(ν)
u
, z =
a sin(ν)
u
, (7)
where a is the radius of the surface on x = 1. It is easy
to show that this surface has finite volume, but infinite
surface area.
We can see that, for fig. 2, we have
r(x) =
a
x
, S(x) =
pia2
x2
, (8)
so Webster’s and Horn equations (2 and 5) become re-
spectively (10) and (9).
d2P (x)
dx2
− 2
x
dP (x)
dx
+ w2P (x) = 0 (9)
d2ψ
dx2
+
(
k2 − 2
x2
)
ψ = 0. (10)
The solution for these equations are, respectively
P (x) =
√
2
piw3
[(Awx+B) cos(wx) + (Bwx−A) sin(wx)]
(11)
3ψ(x) =
√
2
pik3
[(
Ak +
B
x
)
cos(kx) +
(
Bk − A
x
)
sin(kx)
]
.
(12)
Clearly, these can’t be expressed as a Fourier sum.
This could be achieved by expanding over a small pa-
rameter and we will do so in the next section. It is also
hard to find the quantized frequencies without the use
of a numerical method. As we will see, the perturbative
method offers much more insight and simpler expressions
to use on real situations.
V. PERTURBATIVE METHODS
As stated in section III, eq. (6) is the hamiltonian of
the system, written as a sum of a ”free” hamiltonian
plus a perturbation. The latter term, for Gabriel’s horn,
is written as 2x2 .
The solution of eq. (10) for the free wave (neglecting
the potential) is ψ0 = A cos(kx) + B sin(kx). From the
boundary conditions k will be quantized, so a sum over
kn is performed, obtaining a Fourier decomposition as we
would expect.
ψ0 =
∑
n
An cos(knx) +Bn sin(knx). (13)
The tube is open on both sides, which means, the pres-
sure must be 0 on x = 1 and x = L (defined as the con-
stant ambient pressure). The origin is chosen so that the
tube length is L− 1 and the potential is regular.
At zeroth order, the surface is constant. Reverting the
change of variables and denoting S0 as the surface area
at the origin, we have P0(x) =
1√
S0
∑
n(An cos(knx) +
Bn sin(knx)).
The boundary conditions impose the quantization
tan(k) = tan(kL) and the form (14)
ψ0 =
∑
n
Bn (sin(knx)− tan(k) cos(knx)) , kn = npi
L− 1 ,
(14)
which in turn offers the expected result fn =
c
2(L−1)n,
where f is the frequency of the sound wave and n is an
integer > 0 and L− 1 is the real length of the tube.
In the quantum mechanics formalism (as the one out-
lined below), the wave function must be normalized so
that an explicit expression for Bn can be found. This
is the merging point of the classical and quantum treat-
ment so it must be carefully done. This can be done by
the following algorithm:
• Obtain the pressure profile and the length L − 1
of the horn. With this, compute λ2 =
∫
L
P 2(x)dx.
Normalize the pressure profile by λ.
• Performing the previous integral analitically, the
factor Bn will depend on λ. By the argument
above, we can set λ = 1 in our model.
Figure 3. d
dδ
< H(δ) > for a Gabriel horn with L = 20 u.l.,
δ ∈ [0, 2] and n ∈ [0, 3].
Normalizing the square of the wave function over the
tube results in
Bn =
√
2
L− 1 cos
(
npi
L− 1
)
. (15)
A. Variational Method
This model requires a test function and a minimizing
parameter δ. As expected, our test function will be (14)
(the free wave). The parameter, as defined in eq. (16)) is
expected to minimize < H > near δ = 1. The function
d
dδ < H > is shown in fig. 3. The results are valid for all
n, as fig. 3 implies (for bigger n the derivative explodes).
For δ > 0, there are no roots of ddδ < H >, so the
method can’t be applied in this framework.
Incidentally, the variational method only provides a
correction to the ”ground state”, so we can’t calculate to
an arbitrary order the corrections to the frequency.
kn(δ) =
pi
L− 1n
δ (16)
B. Non-degenerate time independendent
perturbation theory
Perturbation theory tells us that the difference in en-
ergy k2 from k20 in first order is
∆k2 =
∫ L
1
ψ†0Hˆψ0dx =
∫ L
1
2ψ20(x)
x2
dx, (17)
where ψ0 is the unperturbed wave function.
Performing the integration on (18), an analytical ex-
pression for ∆k2 = k2 − k2n is obtained. A plot of f − fn
is shown on fig. 4.
∆k2 =
4 cos2
(
npi
L−1
)
L− 1
∫ L
1
[sin(kx)− tan(k) cos(kx)]2
x2
.
(18)
4Figure 4. Difference of the total frequency to the unperturbed
one up to n = 50 for a L = 20 Gabriel horn, with c = 344
m/s in first order perturbation theory.
VI. CONCLUDING REMARKS
We have derived the expression for the perturbation on
the frequency spectrum of a horn with varying cross sec-
tion using time-independent perturbation theory in first
order. Physically, the wave is an infinite sum of n modes.
Analyzing our results, the perturbation convergence is se-
cured, as the correction is smaller for smaller values of
n.
As a general procedure, one could find how much the
geometry of the horn ”constraints” the non-linearity of
the frequency harmonics.
• Express the radius of the horn in terms of the cylin-
drical coordinate x - r = r(x) and the length of the
horn as L− 1.
• On that particular horn, measure the value of λ2 =∫
L
P 2(x)dx and normalize the pressure profile by
λ.
• Using Bn as in eq. (15) with λ = 1, ψ0 =
Bn [sin(k0x)− tan(k0) cos(k0x)] and k0 = npiL−1 , cal-
culate the integral ∆k2 =
∫ L
1
ψ20(x)
r′′(x)
r(x) dx.
• The correction to the wave number in first order is
k =
√
k20 + ∆k
2.
We hope that this approach serves both the acoustical
science community and the curious physicist, providing
an interesting application to the quantum mechanical
methods within a classical framework.
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